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Abstract. This paper is focused in linear algebra theory applied to control of
mobile manipulator robots. In order to design the control algorithm, the kine-
matic system is approximated using numerical methods. Then, the optimal
control actions are obtained through linear algebra approach. The structure of
the controller consists in two solutions; a particular solution that allow following
the desired trajectory and a homogeneous solution that allow performing sec-
ondary objectives as maximum manipulability and avoid static obstacles. In
addition, the stability analysis is demonstrated through linear algebra concepts
where it is shown that the tracking error tends asymptotically to zero. Finally,
experimental results show the effective of proposed control algorithm over the
mobile manipulator robot AKASHA.
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1 Introduction

Robotics missions have evolved into the service domain where robots are expected to
either exploit unknown dynamic environments, interact with human beings or
manipulate dangerous products. Mobile manipulators combine these capabilities, thus
expanding the working space, often characterized by a high degree of redundancy,
combining the manipulation of a fixed base robotic arm with the mobility of a wheeled
platform. Such systems allow the most common missions of robotic systems requiring
locomotion and manipulation skills [1, 2]. Field or service robotics applications are
numerous and all involve robots whose workspace capabilities have to be extended and
whose control architecture and strategies must ensure a good overall performance in
complex missions [3].

In the last decades, there has been a great deal of interest in mobile robots where,
mobile manipulators being an area of great interest to researchers, who are looking for
new non-linear control strategies. In [4] solves the trajectory-tracking problem by
combining neural networks and robust control. The nonlinear mapping characteristic of
neural networks and robust control are integrated in an adaptive control algorithm for
mobile manipulator robots with non-linearities, perturbations and non-holonomic
constraints all at the simulation level. PD feed-forward non-linear control is developed
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in [5], this control makes use of the knowledge of the mathematical model of the
system and the measurement of the perturbations of process; is applied in a virtual
prototype where the control parameters must be known for the controller to work well;
[6] suggests a fuzzy PD controller to adjust parameters online depending on the state of
the dynamic system. Other advanced control strategies are implemented, for example in
[7] introduces a predictive control algorithm that has restrictions for a holonomic
mobile manipulator robot; constraints such as acceleration, velocity, position, and
avoiding obstacles are considered [8].

Control based on linear algebra is an innovative technique with main characteristics
of the non-necessity of complex calculations to reach the control signal and the sim-
plicity to make mathematical operations. [9–11]. In addition, the algorithm is easy to
understand and implement, it allows the direct adaptation to any micro-controller
without the need to make use of an external computer [12]. Due the fact that it is not a
complex algorithm, this can be run on low processing power drivers, [13] by presenting
a high yield on conventional computers, as a result, this algorithm supports savings in
processing time and energy at the moment of executing the desired task [14–16]. In
[17] presents a control algorithm based on linear algebra for mobile manipulator robots,
but this work does not considered the null space configuration and the design is
validated using simulation.

This paper proposes an algorithm of control based on linear algebra approach for
trajectory tracking tasks of mobile robotic systems, formed by a robotic arm mounted
on a mobile platform; the controller is based on kinematics and redundancy of the
system. The structure of the control law consists of two solutions: (1) one particular
solution that allow to meet the objective of the main task; and (2) a homogeneous
solution that allow performing one or more secondary objectives, this work is con-
sidered the internal configuration of the mobile manipulator control in order to avoid
singular configurations of the system and avoid static obstacles. The designed con-
troller is validated experimentally. In addition, the stability is demonstrated through
linear algebra concepts.

This article is organized into 4 Sections. Sect. 2 presents the modeling, design of
the control algorithm and the analysis of stability based on approaches of linear algebra
for the mobile manipulator. The discussion of experimental results is shown in Sect. 3,
and the conclusions of the article in Sect. 4.

2 Modeling and Control Design

In this section, the kinematic model and control law based on linear algebra theory and
numerical methods of the mobile manipulator is presented. In addition, the stability is
obtained through linear algebra concepts.
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2.1 Kinematic Model

The instantaneous kinematic model of a mobile manipulator gives the derivative of its
end-effector location as a function of the derivatives of both the robotic arm configu-
ration and the location of the mobile platform.

_h tð Þ ¼ J qð Þv tð Þ ð1Þ

where _h ¼ ½ _h1 _h2 � � � _hm �T is the vector of end-effector velocity, v ¼
½ v1 v2 � � � vdn �T ¼ ½ vTp vTa �T is the vector of mobile manipulator velocities in
which contains the linear and angular velocities of the mobile platform and contains the
joint velocities of robotic arm and J(q) is the Jacobian matrix that defines a linear
mapping between the vector of the mobile manipulator velocities v(t)and the vector of
the end-effector velocity [17, 18].

2.2 Kinematic Controller

Considering the first order differential equation

_h ¼ f h; v; tð Þ con h 0ð Þ ¼ h0

where, h represents the output of the system to be controller, _h first derivative, v the
control action and t the time. The values of h(t) in the discrete time t = k T0 are called h
(k) where, T0 represents the sampling time and k ∊ {0, 1, 2, 3, 4, 5…}. In addition, as
mentioned in [17] the use of numerical methods for the calculus of the system evo-
lution is based mainly on the possibility to approximation the state system at the instant
time k + 1, if the state and the control action on the time instant k are known, this
approximation is called Euler method.

h kþ 1ð Þ ¼ h kð Þþ T0f h; u; tð Þ ð2Þ

In order to design the controller, the model (1) can be approximated as (2)

h kþ 1ð Þ ¼ h kð Þþ T0J q kð Þð Þv kð Þ ð3Þ

In addition, for that the tracking error tends to zero the following expression is used
[17]

h kþ 1ð Þ ¼ hd kþ 1ð Þ �W hd kð Þ � h kð Þð Þ ð4Þ

where, hd is the desired trajectory W is a diagonal matrix and its values 0 <
diag(whx, why, whz) < 1 are design parameters of the proposed controller.

Remark 1. If a faster response is required, the values should be closer to 0 and if a
slower response is required, the values of should be closer to1.
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Now, to generate the system equations consider (3) and (4) then, the system can be
rewritten as Au = b.

J q kð Þð Þ|fflfflfflffl{zfflfflfflffl}
A

v kð Þ|{z}
u

¼ hd kþ 1ð Þ �W hd kð Þ � h kð Þð Þ � h kð Þ
T0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
b

ð5Þ

Note, that the Jacobian matrix has more unknowns that equation (m < n) therefore, an
infinite solution exists to (5). A viable solution method is to formulate the problem as a
constrained linear optimization problem.

1
2

v� v0ð ÞT v� v0ð Þ ¼ min ð6Þ

Finally, a law of control for our system given by (5) is obtained minimizing (6):

vref ¼ JT JJT
� ��1

b|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
vp

þ In � JT JJT
� ��1

J
� �

v0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
vh

ð7Þ

where the first term on the left-hand side is the particular solution (vp) and second term
(vh) of this equation belong to the null spaceJ. In this work two different secondary
objectives are considered: the obstacles avoid by the mobile platform and the singular
configuration prevention through the systems manipulability control and is given by
v0 ¼ H uobs xobs qTd � qT

� �� �� �
, where H is a diagonal matrix allows to increase,

reduce or cancel the effect each objective, (qd
T − qT) are configuration errors of the

mobile robotic arm, in such a way that the manipulator joints will be pulled to the
desired values that maximize manipulability and uobs, xobs are the linear velocity and
angular velocity of the mobile platform respectively that avoids the static obstacles by
resourcing to the null space configuration [18].

2.3 Stability Analysis

Considering the hypothesis of perfect velocity tracking, i.e., vref = v, (7) can be sub-
stituted into the kinematic model (3) to obtain the following closed-loop equation:

hðkþ 1Þ � hðkÞ ¼ T0J JTðJJTÞ�1bþ In � JT JJT
� ��1

J
� �

v0
� �

ð8Þ

where JJT(JJT)−1 = Im the Eq. (6) is reduced

hðkþ 1Þ � hðkÞ ¼ T0Imbþ JIn � ImJð Þv0 ð9Þ
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through the properties of an identity matrix is achieved

h kþ 1ð Þ � h kð Þ ¼ T0
hd kþ 1ð Þ �W hd kð Þ � h kð Þð Þ � h kð Þ

T0

	 

ð10Þ

reducing terms and grouping is calculated the error in the following state hd(k + 1) −
h(k + 1) depends only on the previous error for a gain W(hd(k) − h(k)) to,

ehx kþ 1ð Þ
ehy kþ 1ð Þ
ehz kþ 1ð Þ

2
4

3
5 ¼

whx ehx kð Þð Þ
why ehy kð Þ� �
whz ehz kð Þð Þ

2
4

3
5

The errors on the following states comes by

ei kþ 1ð Þ ¼ wiei kð Þ
ei kþ 2ð Þ ¼ wiei kþ 1ð Þ ¼ w2

i ei kð Þ
ei kþ 3ð Þ ¼ wiei kþ 2ð Þ ¼ w3

i ei kð Þ
..
.

ei kþ nð Þ ¼ wiei kþ n� 1ð Þ ¼ wn
i ei kð Þ

therefore the error tends asymptotically to zero when 0 < wi < 1 and n ! ∞

3 Experimental Results

In this section, the performance of the proposed control law is tested throught the
experimentation over the AKASHA robot which one consist of a robotic arm within
5DOF mount over a unicycle-type mobile platform. This platform allows linear
velocity and angular velocity as a reference signal, (Fig. 1)

Fig. 1. AKASHA: Manipulator Mobile Robot
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The experiment corresponds to the control system presents in (7). The desired
trajectory for the end-effector of the mobile manipulator is described by hd ¼
hxd hyd hzd½ �T, where hxd = 0.5 + 0.2t, hyd = 0.3 sin (0.4t) and hzd = 0.5 + 0.1
sin (0.4t). In this experiment, the mobile platform starts at qp ¼ 0 m 0 m 0 rad½ �T;
the robotic arm at qa ¼ �29p

36 rad
2p
3 rad 4p

9 rad
� �T

and v0 ¼ H 0 0 0 rad� q1ð Þ½ð
1:22 rad� q2ð Þ �1:05 rad� q3ð Þ�Þ.

Figures 2, 3, 4 and 5 represent the experimental results. Figure 2, shows the desired
trajectory and the current trajectory of the end-effector. It can be seen that the proposed
controller presents a good performance while, considers the internal configuration of
arm. Figure 3, shows the evolution of the tracking errors, which remain close to zero,
while Figs. 4 and 5 show the optimal control actions.

Fig. 2. Stroboscopic movement of the mobile manipulator in the trajectory tracking and internal
configuration the of arm.

Fig. 3. Control errors of the mobile manipulator
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For the second experiment, it’s consider the avoidance of obstacles and maxima
manipulability where, the environment is formed of a straight line and two static
obstacles, v0 ¼ H uobs xobs qTd � qT

� �� �� �
with qd ¼ �0:698 2:27 �2:27½ � to

maintain maxima manipulability of the mobile manipulator during task execution, the
mobile platform starts at qp ¼ 0 m �1 m 0 rad½ �T and robotic arm at

qa ¼ 0 rad 0 rad 0 rad½ �T.
Figures 6 and 7, shows the desired trajectory and the current trajectory of the

end-effector. It can be seen that the proposed controller allow to meet the desired
tracking trajectory while, avoiding static obstacles and considers the maxima manip-
ulability. Figure 8, shows the evolution of the tracking errors, which remain close to
zero.

Fig. 5. Joint velocity commands to the robotic arm

Fig. 4. Velocity commands to the mobile platform
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Fig. 7. Stroboscopic movement in three dimension of the mobile manipulator in the trajectory
tracking experiment with avoidance of obstacles and maxima manipulability

Fig. 6. Stroboscopic movement in two dimensions of the mobile manipulator in the trajectory
tracking experiment with avoidance of obstacles and maxima manipulability
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4 Conclusions

In this work a control algorithm based on linear algebra and numerical methods for
mobile manipulator robots has been presented An advantage of this controller is its
simple implementation in any programming language. The proposed control algorithm
stability and performance has been analytically demonstrated trough the linear alge-
braic concepts. Two types of experiments were performed: one for follow desired
trayectory while consider internal configuration of arm and another for follow desired
trayectory while consider the avoidance of static obstacles and maxima manipulabilty.
Experimental results shown the optimal performance of this control algorithm.
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